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A formulation of gravitation theory originally proposed by Mandelstam is re-examined. The idea
is to avoid the use of coordinates while staying in the continuum. This is accomplished by regarding
a point as the end of a path. The theory is then formulated in the space of all paths. The analysis
relies on the properties of path deformations. These deformations play the role of gauge transfor-
mations in path space. Their algebra is established. It closes if and only if the defining conditions
of a riemannian geometry hold (Bianchi identity and vanishing of the antisymmetric part of the
Riemann tensor in three of its indices). Two problems faced by Mandelstam are solved: (i) An
explicit formula is given which establishes when two neighboring paths end at the same point, (ii)
An action principle is given, in terms of a functional integral over path space. It is also indicated
how to reconstruct the metric from the curvature through gauge fixing in path space. Brief com-
ments are offered on the possibility of developing an invariant description of loops regarded as

boundaries of two-dimensional surfaces.

1. Introduction

Physical theories of fundamental significance tend
to be gauge theories. These are theories in which the
physical system being dealt with is described by more
variables than there are physically independent de-
grees of freedom. The physically meaningful degrees of
freedom then re-emerge as being those invariant un-
der a transformation connecting the variables (gauge
transformation). Thus, one introduces extra variables
to make the description more transparent and brings
in at the same time a gauge symmetry to extract the
physically relevant content.

It is a remarkable occurrence that the road to pro-
gress has invariably been toward enlarging the num-
ber of variables and introducing a more powerful sym-
metry rather than conversely aiming at reducing the
number of variables and eliminating the symmetry.

In general relativity one normally describes the field
by giving the elements of the matrix that takes the
tangent basis of a coordinate system onto an ortho-
normal basis (“Vierbein”). Both the coordinate system
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and the orthonormal basis are arbitrary. In d dimen-
sions the gauge transformations are parametrized by
d functions of d variables corresponding to changes of
coordinates and by }d(d—1) local rotations thus
adding up to %d (d+ 1) independent gauge transforma-
tions.

There is however a different approach to gravita-
tion theory — or perhaps one should say to riemannian
geometry — that introduces an enormously larger re-
dundancy in a highly non-trivial but quite natural
way.

The approach was pioneered by Mandelstam in the
early sixties [1], and it is quite attractive because it
makes the concept of a point a derived one. A point is
regarded as the end of a path. There are infinitely
many paths leading to any given point from a specified
reference point. Thus a point is a class of equivalence
of paths. Physical theories are then formulated in path
space. This permits to avoid introducing space-time
coordinates while staying in the continuum. The price
paid is the introduction of a very large redundancy but
as we stated above this is not to be regarded in itself
as a drawback.

The original papers of Mandelstam dealing with
electrodynamics and gravitation were written in 1962.
The electrodynamics paper introduces what we would
now perhaps call a “Wilson line” (a Wilson loop
would be a closed Wilson line). We will use the term
“Mandelstam path” in this article. Later, in 1968, he
further applied the formalism to the Yang—Mills and
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gravitational fields and obtained the Feynman rules
for both cases. At about the same time Faddeev and
Popov [2] introduced the path integral over gauge
fields which provided a more efficient way of obtain-
ing the Feynman rules and became, for this reason, the
standard method. In this article we are not concerned
with Feynman rules but rather with the approach
itself. We combine the Mandelstam method with path
integrals to write the action for the field as a functional
integral. This functional integral over functions of one
variable (“paths”) replaces the ordinary integral over
space and time in the action for a field.

In order to keep track of the redundancy inherent
in the path description we introduce the idea of a path
deformation. The path deformations are the gauge
transformations of this approach. They obey an alge-
bra that has interesting properties, notably it closes
only when the defining conditions of a riemannian
geometry (Bianchi identity, vanishing of the antisym-
metric part of the Riemann tensor in three of its in-
dices) are met.

In this approach neither the metric tensor, nor the
connection ever appear explicitly (there are no coordi-
nates!). The gravitational field or, rather, the geome-
try, is described directly in terms of the Riemann ten-
sor. It is only when one fixes the gauge, by selecting a
unique path that leads to each endpoint from the
reference point, that a coordinate system is set up on
space-time. Then one can, in principle, reconstruct the
metric tensor from the curvature.

The plan of the paper is the following: Sect. 2 deals
with the formulation of riemannian geometry in terms
of Mandelstam paths. The notion of path deformation
is introduced and a criterion for establishing when
two neighboring paths end at the same point is given.
The algebra of paths deformations is found. (The de-
tailed analysis is given in appendix A.) Sect. 3 dis-
cusses how to define the action as a functional integral
over path space. It is shown that the Faddeev—Popov
determinant plays the role of a space-time volume
element. The treatment is to be regarded as provi-
sional, since the gauge algebra involves the fields
through the Riemann tensor, and hence a proper
BRST treatment [3] — which is not given — is needed.
It is however verified (appendix B) that the naive treat-
ment gives the correct answer for the simple case of a
2-sphere. Finally, appendix C discusses how to recon-
struct the metric form the curvature, giving an explicit
construction for Riemann normal coordinates and for
spherical coordinates.
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2. Riemannian Geometry in Terms of Paths
2.1. Mandelstam Paths

In a riemannian manifold we take an arbitrary ref-
erence point P .. At P, we also fix a local orthonor-
mal frame V,;. Both P, ; and V,,; are fixed once and for
all. From P,; we draw a curve that ends at a generic
point P of the manifold. A reference frame is set at all
points of the curve, and in particular at the end
point P, by parallel transport of V, from P, along
the curve. The curve with the frames thus set along
will be called a Mandelstam path, or simply a path.

We want to specify a path without recourse to a
coordinate system. This is done by giving at every
point of the path the components of the tangent vector
referred to the frame attached to the path. We will
denote those components by u“(4). The parameter 4
will vary between two fixed values 4, and 4,. The
value A= 4, will correspond to the reference point 4,
and 4, to the end point. All the equations will be
invariant under reparametrizations of A.

Geometrically one constructs the path by starting
at the reference point and performing an infinitesimal
displacement u®(4) d4 relative to the frame V,,¢, taking
the frame along by parallel transport. There, at the
new point, one travels u®(A+dA)dA relative to the
frame thus established at that point, etc.

It is to be emphasized that in this formulation there
are no arbitrary coordinates to be changed nor arbi-
trary frames to be rotated. These concepts are never
introduced. Also, although we have used the words
“parallel transport” above, the connection will never
appear in the formulae. It is only to make contact with
the ordinary treatment of riemannian geometry that
we say “the frames that come with the paths are to be
regarded as parallely transported”. This defines the
connection.

2.2. Path Deformations

We are interested in knowing when two paths u{ (1)
and u4(4) end at the same point. If we had a coordi-
nate system then one would simply demand that the
coordinates of the end point be the same. However
due to the “non-holonomic” character (in curved
space) of the intrinsic description in terms of u®(4), the
analysis is much more elaborate. It turns out however
that one can give an explicit formula for deciding
when the two paths differ infinitesimally.
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deformed path

original path

Fig. 1. Path deformations. The vector & (4) connects the point with the parameter value 4 on the original path with the point
with the same parameter value on the deformed path. At each point of either path there is a standard orthonormal frame
(not shown) obtained by parallel transport, along the path, of the reference frame at the reference point. One may parallely
transport along & (1) the standard basis at A on the original path to the point 4 on the deformed path. It will arrive rotated
with respect to the standard basis at 4 on the deformed path. The rotation matrix is the Qf of equation (2.1 b). This result
may be obtained by dividing the region between the two paths by a sequence of infinitesimal cells of the type shown in this
figure. By definition of the Riemann tensor the amount of rotation in each cell is R, u° &”.

In the closed diagram shown in the figure u + du is referred to the standard basis on the deformed path whereas ¢, u and
&(A+d4) are referred to the standard basis on the original path. Thus to add u+ du to ¢ and close the diagram one must first
parallely transport it along ¢ to the original path. This brings in the second term on the right side of eq. (2.1a).

Consider, as shown in Fig. 1, two neighboring paths
The first path is defined by u“(4) and the second u*(4)
+ ou“(4). Call ¢°(4) the components of the vector that
goes from the point with the parameter value 4 on the
original path to the point with the same A on the
deformed path. The components ¢°(4) are referred to
the frame at 4 on the first path. We will call ¢°(4) a
“path deformation”.

The following relation then holds:

D ey,

Su@ (i) = (2.1a)

LRt bR

QD)= [ Ry (A u(Z) e*(A) dA. (2.1b)
We shall call (2.1) the “equation of path deformation”.
It is closely related to the equation of geodesic devia-
tion of riemannian geometry. One can derive it (Fig. 1)
just from the basic definition of the Riemann tensor as
giving the amount of rotation after transport along an
infinitesimal closed curve.

The Riemann tensor in (2.1b) is evaluated on the
first path. This means, in particular, that all the com-
ponents are referred to the frame along the path ob-
tained by parallel transport of the reference frame
from the reference point. There is thus no problem in
adding tensors at different points through the integral
(2.1b) because the basis at each point is fixed.

If we are given u® and u® + du® we need to solve Egs.
(2.1) for &* with the initial condition &*(4,)=0. If the
¢*(A) thus obtained is such that ¢*(4,) =0 the two paths
will end at the same point. It is important to realize

that the criterion depends on the value of the Riemann
tensor along the first path. Thus two paths which end
at the same point in the presence of one curvature will
not do so in general if the curvature is changed.

In flat space, where one has Rj ;=0 for all paths,
two paths end at the same point if and only if the
“total displacement”

42
x(Ay)= [ u(2)di

ks

2.2)

is the same for both. The x“(4,) are then just the
cartesian coordinates of the final point. However, this
is not longer valid in curved space where the integral
(2.2) is of no special significance.

The interest of the displacements ¢“(4,) goes beyond
their usefulness in determining when two paths end at
the same point. In fact the functions u“(4) provide a
coordinate system in path space, ie. the infinitely
many numbers u’(4) for A€ [,,4,] and a=1,...,d
are the coordinates of a point. The variations J u®(4)
are then the corresponding coordinate one-forms
which are exact. The &*(/4) defined in terms of 6 u®(1) by
solving Egs. (2.1) with ¢%(4,)=0 are a basis of 1-forms
which are not exact (“non-holonomic”) but are local in
space-time.

2.3. Path Derivatives

One may have functions defined over path space.
These will be functionals of u®(4). The values of the
functionals that will be of interest in what follows may
depend on the point 4 along the path and also have



C. Teitelboim - Gravitation Theory in Path Space

components referred to the frame at the point A. They
may be written as y“(4) [u] where 4 is an index in
some representation of the Lorentz group (vector, ten-
sor, spinor, ...).

If one deforms the path the induced change in the
field is given in terms of the functional derivative dy/du

by
oyY*(4)

23
a (I) ( )

6-//‘(4)—§ dZ éu "(7)

There are some functionals that are particularly sim-
ple and important, namely those that are obtained by
evaluating a field defined over space-time on a path.
They will be called local functionals. For them, the
standard covariant derivative exists and may be re-
lated in a simple manner to the path derivative.
Consider, for definiteness a vector field A%(4) [u].
According to (2.3) its change under a path deforma-
tion is
5.400)=| S A%(4)

b L
| 53 Sub(Z) dx .

(2.4)

But if 4% is a local field it will not be sensitive to
alterations éu®(Z) for 1> 4, because those will only
imply changes in the path for A> 1. On the other hand
8A°(4) is sensitive to all du®(f) for Z < A because those
change the location in space-time of the point 4. Thus
we have

SAGD) .
S0 A>A, (2.5)
and we can rewrite (2.4) as
apin b 0AA) o
oA (A)——!l 5 Sub(Z) di. (2.6)

On the other hand, from the definition of the covari-
ant derivative and the discussion of Fig. 1, we have

0A%(A)=¢"(2) (V, A%) () +Q5(4) A*(4). 2.7)

This equation may be compared with (2.6) by recalling
the change of basis (2.1) that relates du with ¢. This
gives

2 (2) (V, A%) (1) + Qi(4) A°() (2.8)
_ TéA"(A) deb (%) . 0A%(4)
j 6u”( [ +QDu (I)]_e (A) 5 ()
ifd (64D 4 p 04D pr
+,{|idl'(—_6u”(f))e (’“)+auM(;f.) Q" (Du (I)]dI.
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From this we infer
0A%(A)
Sub (A7)

0A%(A)

V a «_ = = = hza A0
bA (/) 510’ éu"(/l—e)

2.9)

Note that the limit of coinciding arguments must be
taken with the differentiation acting away from the
point A toward the beginning of the path. If it is taken
in the opposite direction one gets zero from (2.5). Thus
for space-time fields the first path derivatives are dis-
continuous. The amount of the jump is the covariant
derivative,

0A°(4)

ll_r’n/: o (1) (2.10)

= lim h(A—2") ¥, A*(4),

N>

where h is the Heaviside step function h(x)=1 for «>0
and h(x)=0 for a<O.

The relation (2.7) contains further information.
Once eq. (2.10) is used one finds, by changing the order
of the double integral that comes in from Q' and
comparing the coefficients of &’(X) in the interval
<A <i

0A%(4) o OA%(A)
dl’( b(l') .‘.dIRncb('i)u(l) (I) M(I)
= Rip (X)) " (2) A™ (). (2.11)

If we now take the limit A’ — A~ the integral tends to
zero and we find the important relation

d s4°() _

TdAT sut(h) wia

mnb( —)u (A )Am(}*)

Thus we can write for ¢>0

0A%(4
amfga=%A“M+dmnuwwmAwn+omm
SA°(D)
m =0. (2. 1 3)

It is essential to keep proper track of the discontinu-
ities in the path derivatives to avoid contradiction.
For example the second covariant derivative reads

P <6A"(/1)>
sur(i-)\owt(i))

Here the limits A=~ - 4 and A~ — 4 are to be
taken keeping A> A4~ >4~ " : For successive functional
derivatives with coinciding arguments the order of the

V.V, A*(3)=

(2.14)
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arguments moves toward the reference point as each
new derivative is taken. Thus

5 <5Adu)>
Sut(A~)\ou(A7))’

and although second functional derivatives do com-
mute expressions (2.14) and (2.15) are not equal. This
is because they differ by the exchange of A~ and 4™~
and there is a discontinuity at A~ =A"" whose
strength is precisely the Riemann tensor.

V, V. A°()=

(2.15)

2.4. The Algebra of Path Deformations

The descriptions of a path deformation by means of
the non-holonomic displacement &* is not only local
but it also has built in the geometry of space-time.
This is because its relation to the holonomic basis éu®
involves the Riemann tensor components. It is there-
fore to be expected that the commutation law for path
deformations in the non-holonomic basis will be sen-
sitive to the properties of the Riemann tensor. This is
indeed so, as we now proceed to demonstrate.

We first perform a deformation with parameter &*
and subsequently another with parameter #*. From
that result we subtract what is obtained by acting first
with n° and next with ¢% If in the resulting expression
we only keep up to terms of order ¢#, we obtain the
commutator [n, €] of the two infinitesimal path defor-
mations. The details of calculation are given in ap-
pendix A. The only assumption made on the Riemann
tensor is that it is a local field, namely

68 Rabcd = Sf Vf Rabcd - Q‘r‘n Rmbcd
—QF Romea— Q7 Ropma— 27 R

(2.16)

amcd abem *

It is of particular interest to see the dependence of
the algebra on the defining conditions for a Rieman-
nian geometry, that is the Bianchi identity and the
vanishing of the torsion. Thus those two properties
will not be assumed. The only properties assumed in
addition to (2.16) are

Rupea= —Ripaca (217a)
and
Rupea= —Rapac - (2.17b)
One finds then
(0,0.—0,06,) u*=05, ju+1t*+wj u’, (2.18)
with
[, €] = Q¢ [n] & — 2 [e] ", (2.19)
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and

t*=u’ &" n°(Ripe+ Risp + Rica). (2.20)

wi(h)=— j ul e? n° (V. Rsy,+V, Ricy+V, R3 ). (221)
The functional ©¢[¢] appearing in (2.19) is the rotation
(2.1b). As illustrated in Fig. 2 the commutator (2.19)
has a simple geometrical interpretation in terms of the
“failure of the parallelogram to close due to relative
rotation”.

We see from (2.18) that the algebra only closes when
one has the vanishing of the totally antisymmetric
part

R4+ Rédb+R;;=0 (2.21)

(vanishing of the covariant exterior derivative of the
torsion two-form) and

V. Rysp+V, Ryca+V;y Ry, =0 (2.22)

(vanishing of the covariant exterior derivative of the
curvature two-form: Bianchi Identity).

Thus the algebra of path deformations closes if, and
only if, the defining conditions of a riemannian geom-
etry hold.

This is a satisfying result. If one were to do a BRST
analysis of the path gauge invariance one should find
that the square of the BRST charge is zero if an only
if (2.21) and (2.22) hold. Thus one would find that the
“vanishing of the boundary of the boundary” is con-
tained in BRST invariance. It is hoped to analyze this
issue in detail elsewhere.

[n.€l
n-Qen

e-Q[nle

n

Fig. 2. Commutation of path deformations. If one performs
first a deformation ¢ and afterwards a deformation n one
does not find the same result as when the order is reversed.
This is again due to the fact that one must correct (as in
Fig. 1) for the relative rotation of the corresponding basis.
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3. The Action in Path Space
3.1. Action as Functional Integral

One would like to formulate in path space the ac-
tion principle for a field theory on a riemannian man-
ifold, including general relativity. Such a formulation
would provide a coordinate-free treatment while stay-
ing in the continuum.

In [1] it was found that while it was simple to find
action densities it was not clear how to integrate them.
The reason was that one wanted to integrate over
space points regarded as end of paths, but is was not
known when two paths ended at the same point.

This difficulty can be overcome now because func-
tional integral techniques for gauge fields have be-
come available. Thus, we will integrate over all paths
u®(A) treating

de?

out=—+Qiub,

= (3.1a)

with

e (A)=¢%(A,)=0 (3.1b)
as a gauge symmetry.

In taking into account the invariance (3.1) we will
use the Faddeev—Popov prescription. This is to be
regarded only as a provisional treatment — perhaps
not generally valid (“generally” meaning for all Rie-
mann tensors and all gauge choices) — because the
algebra (2.19) has field dependent structure constants
(22 depends on the Riemann tensor). A proper treat-
ment should be based on a BRST analysis [3] of (3.1).
As already expressed, we hope to address that prob-
lem elsewhere. In the simple example discussed in ap-
pendix B the Faddeev—Popov prescription gives the
correct answer.

The action is written as a functional integral over all
paths

S=[ % Du. (32)

For the measure over path space we will take the
obvious choice — consistent with local Lorentz invari-
ance

Zu=[]du’(2)5[C] det A . (3.3)
Here C is a gauge condition that, once the end point
is fixed, picks a unique path leading to it from the
reference point. The symbol det .#. stands for the
associated Faddeev—Popov determinant. One may,
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also, replace 6[C] by a more general “averaging”
gauge fixing functional.

The action density . is to be invariant under (3.1).
This is easily accomplished by demanding & to be a
Lorentz invariant local field evaluated at the end-
point. Indeed if % is a local field and one deforms the
path keeping the endpoint fixed its value at the end-
point will only change by a Lorentz rotation. If .# is

' Lorentz invariant the rotation will have no effect.

Thus for a scalar field we have

1, 5() 3¢
2= w3 ) (34)

).

For the gravitational field one takes the compo-
nents R§ , themselves as the basic field variables, sub-
ject to the constraints (2.17), (2.21) and (2.22) and sets

Z=R2. (3.6)

and for a Dirac field

ol SU0)
“(f—lp(y swa) T

(3.5)

Note that the Faddeev—Popov determinant, which
depends on R§,,, plays the role of \/g; in the volume
element.

3.2. Gauge Fixing

One must write down a condition that picks a
unique representative within the class of equivalence
of all paths that end at a given end-point and can be
continuously deformed into each other. In order for
the condition to be a good one the (regularized) Fad-
deev—Popov operator M defined by

M, 5=8, C, (3.7)
must be invertible in the space
e (A)=¢"(4,)=0. (3.8)

3.2.1. Riemann normal coordinates. A simple
choice is
du®

Ci= :
dA

(3.9)

The equation C=0 says that u* is parallely trans-
ported and thus the path chosen is a geodesic that
goes from the reference point to the arbitrary end-
point. One may view the constants of integration
u®(4,) as the space-time coordinates of the endpoint in
the coordinate system implied by du®/d4=0.
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Once the factor 6[C] is taken into account, the
integral over all functions u®(4) reduces to an integral
over u®(4,), the action then reads

S=[%(det M) I:[du”().), (3.10)

which shows very clearly that det M is /g in the
coordinate system defined by (3.9). The Faddeev—
Popov operator obtained by evaluating the change of
(3.9) under a path deformation reads, when du/dA=0

2.a

(Mce)= s + Ry u &t (3.11)

di
One knows that, for example, on a sphere the Rie-
mann normal coordinates fail at the antipodal point
of the reference point. This will show itself in (3.11)
failing to be invertible for that particular value of
u°(4,). However, from the point of view of the integra-
tion in (3.10) that failure is not to be regarded as more
worrisome that the failure of the ordinary polar coor-
dinates at the origin. The case of the two-dimensional
sphere is treated in detail in appendix B.

3.2.2. Spherical coordinates. Another useful
gauge is obtained by dividing the total interval [4,, 4,]
in d subintervals (d is the space-time dimension) and
fixing the gauge as follows

d 1
1st interval: Huf=u2 =.. =0,
y)
d 2
2nd interval: u! =LA =.. =0,
di
dd
dth interval: u' = ... =d—'; 0. (312)

The d integration constants x'=u' (1st interval);
x2=u? (2nd interval), ..., x* =u (dth interval) are then
the coordinates of the endpoint in the gauge (3.12). In
flat space these are again cartesian coordinates — and
coincide in that case with Riemann normal coordi-
nates. For a sphere they are spherical coordinates
(reference point on the equator, u' proportional to the
azimuth).

The Faddeev—Popov operator is obtained by ap-
propriately folding the subintervals as explained in
detail for the case of the 2-sphere in appendix B.

4. Added Note. Loops as Boundaries

This article has dealt with the invariant description
of points regarded as boundaries of paths. It is also an
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attractive possibility to consider instead loops (closed
paths) as the fundamental objects of interest. The
question then arises as to whether one can describe a
loop without introducing coordinates. As we now
briefly explain, for a path homotopic to a point, this
can be done by a simple extension of the ideas dis-
cussed above. For more general paths it is not clear
how to proceed.

The main idea is to consider a loop that can be
deformed to a point as the boundary of a disk, or,
rather, as the common boundary of all the elements of
a family of disks. This is implemented as follows. One
deals with loops that go through a reference point.
The reference point itself is identified with the zero
loop whose equation is

o) (1)=0. (4.1)

Next, one considers a one-parameter family of closed
paths, labeled by a parameter t with 7, <t<t,. This
family is defined by giving the deformation vectors
&(4, 7) that take the path 7 to the path with t+dz. The
value 7, corresponds to the zero loop and hence one
sets

e*(4, 7,)=0. 4.2)

The value t, corresponds to the loop one wishes to
describe. One is sure that each path in the family is
closed by demanding

£%(4y, T)=£%(4y, 7)=0. 4.3)

The sequence of deformations ¢*(4, ) for 1, <t<7,
defines a disk. At each point of the disk the vectors u*
and ¢ are tangent to it and span an area element
0 =ue? —u ¢°. There is a whole class of equivalence
of disk whose boundary is the loop in question. One
may write a formula analogous to (2.1) relating the
tangent vectors of two neighboring equivalent disks.
That formula defines a gauge transformation in the
space of disks. A theory in the space of loops is then
a theory in the space of disks which is invariant under
the gauge transformation.

The problem with this treatment of loops is that it
is not clear how to deal with loops that are not homo-
topic to the zero loop. One might at first think that it
would suffice to simply declare that there is a family of
basic loops u,(4), t(;,(4), ... which are given to start
with as not homotopic to each other. One would then
consider deformations away from each of the basic
loops (and not just away from u ). However one faces
here a serious difficulty. It is the following. If u;(4)



C. Teitelboim - Gravitation Theory in Path Space

describes a closed path for a given Riemann tensor it
will fail to do so if the curvature is altered, even
slightly. For this reason we regard a satisfactory de-
scription of loops along these lines as not yet avail-
able.
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Appendix A. Path Deformation Algebra

In this appendix we derive (3.2) by direct calcula-
tion. It will only be assumed that R, is a local field
obeying

abc

(A1)

Rabcd = Rbacd = Rbadc ®

Since it is necessary to keep track of the dependence
of the rotation Q§ on both u and ¢ we will write

Q(4) [u, e]= | Rpea() Wl w* () (D dZ. (A1)
Whenever the dependence on either u or ¢ is irrelevant
that argument will just be omitted. Similarly with 4.

We start with a path u and apply first a deformation
¢ that takes it onto «'. Then we apply a second defor-
mation n which takes ' into u”. Since we are inter-
ested in the commutator we will only keep terms up to
the bilinear order ¢ and, further, we will only be
interested in the part antisymmetric under exchange
of ¢ and 7.

If we denote by an overdot a derivative with respect
to 4, we have from the basic path deformation relation
(2.1)

W =+ Q8 [, ] u® (A.2)

=u+8+ Qf [u, &] u® +1°
+Qu+é+Qlu,e]l u,n) (u+é+Q[u, el u).

If we now substract from (A.2) the same expression
with ¢ and 7 interchanged we find
(6, 6.— 0, 0,] u" = [u, n] (€*+ Q¢ [u, e] ') (A3)
+(6£ Q‘I; [ua ’1]) ub_(£ Lo 4 11) 0
Here

5, % lun1= [ [6,(Reey )] 1. (Ad)

Ay
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Now, the first term on the left side of (A.3) may be
rewritten, after antisymmetrization, as

d
a7 1] &= Qe n"D+u’ & n°(Rpa+ Riw), (A5

which suggests that the commutator yields a new de-
formation whose parameter is

[n, el =25 [n] &"— Q4 [e] " (A.6)

It is necessary to show that the other terms in (A.3)
follow suite.

We have
0. 4 [u,ml= [ {Rpq & +e? V, Riy

A1

(A7)
+ Q0 [6] Ry — Q' [e] R — Q4[] R} u' 1

So that, after integrating by parts, taking into account
&%(A4;)=n"(41)=0 and rescaling that for a space-time
field (d/dA)=u? V,, we find

8, 2 nl—5, %el
= | (7, Riey+V, Riy, + Vy RE,) ue? '

A1

+(Rpeq & 1*) (4)+ R? terms. (A.8)

The terms not involving R? in (A.8) combine with the
second term in (A.5) to give the contributions

t°+ of ub (A.9)
to the right-hand side of (A.3), with
t*=u & 1 (Ripe+ Ripa+ Rpca), (A.10)

and
@§(m)= = [ u' &% 1 (V, Riyy+V, Ricy+ Vi Rpo). (A1)

It remains to work out the R? terms. They come
from the Q? term in (A.3) and from (A.7) and read

[QZ (] Q¢ [e] + I {0 €] Ry — Q' [e] R} (A.12)

— Q7 [e] Ryep} u '1"] w—(n < e).

The coefficient of u” in (A.12) vanishes at i=4,.
Thus it is most easily analyzed by evaluating its deriv-
ative with respect to 4 and then integrating back. One
thus finds that (A.12) is equal to

ﬁkmmeMMMquw, (A13)

4y
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but this is just
Qi lln, el u’

with [#, €] given by eq. (A.6). This completes the calcu-
lation because we have shown

[6n58 -

(A.14)

0.0,]u" = oy, qu + 1+ wju®  (A15)

with [n, €] given by eq. (A.6) and t* 4+ wf u® given by egs.
(A.10) and (A.11).

Appendix B. Faddeev—Popov Determinant
for the 2-Sphere

The purpose of this appendix is to show in a simple
example how the space-time volume element is recov-
ered as a Faddeev—Popov determinant associated
with gauge fixing in path space.

We consider a two-sphere with radius of curva-
ture a. The spherical gauge (3.12) is imposed. Thus
we divide the interval (4,, 4,) in two subintervals
I1=[4,, 4] and II=[4, 4,]. Overall normalization fac-
tors such as 27n will be systematically disregarded.
However, track will be kept of the dependence on 4,,
/and 4, . Those values — being arbitrary — should drop
out from the final answer. That will indeed be the case.

We denote by u; the value of u! in the first interval
and by uy, the value of u? in the second interval. Fur-
ther we set

o =uy/a, oy =uy/a (B.1)
The Faddeev—Popov operator then reads:
Interval I:
(Me)t=¢t, _ (B.1)
(M e =8>+ | . (B.3)
Interval II:
(Me)'=¢'+wf [ ' —w 0 | 2, (B.4)
(Mep=g2. (B.5)

We would like to evaluate det M by path-integral
techniques. The basic formula being that the integral
of the exponential of a bilinear form yields the inverse
of its determinant. (We choose to integrate over ordi-
nary commuting variables.)

The overall integral will be split in four contribu-
tions. Consider first the simplest ones, coming from ¢!
in the first interval and &? in the second. One is to
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compute the determinant of the second derivative op-
erator acting on functions that vanish at one end point
(there are no restrictions on ¢* at Z). To do so one
introduces in each case an auxiliary field # and writes
the quadratic form as

~f
— [ néda. (B.1)
This quadratic form must be rewritten as the integral
of an ordinary lagrangian. To this effect one may inte-
grate by parts to obtain

Ly

fné (B.2)
provided one demands

n(4)=n(4;)=0. (B.3)

The path integral over the action (B.2) is readily eval-
uated by rewriting it as the transition amplitude asso-
ciated with the hamiltonian

H=p,p, (B.4)

which comes from the lagrangian L =7 ¢. This auto-
matically regularizes the determinant. One thus ob-
tains for the path integral

<8=6f’rl=0|e—il}.n—)~,.)l7zpn|8=£i’}1=0>, (BS)

where either ¢ or ¢ vanish. The amplitude (B.5) is

equal to

[dp, dp, e~V nme=int—)= dp, 6[p, (3, ~ 4]
=(A,+4)7 L (B.6)

So coming from the (B.2) and (B.5) pieces of M we
have a factor

{g~TT=1. 3 (B.7)

in the determinant.
Now, in terms of the standard spherical coordinates
we have

UI(I—AX)=G ¢ )

uy(A,—A)=a <§ —0).

[Recall that u d4 is a proper displacement and that the
reference point is on the equator.] Thus (B.7) induces
a contribution

a* df du

(B.8)

(B.9)

(B.10)

in the volume element det M du; duy,.
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Next, consider the contributions coming from (B.3)
and (B.4). It is first necessary to write M as a differen-
tial operator (so that the corresponding action is the
time integral of an ordinary lagrangian). This is ac-
complished by introducing auxiliary variables

=0, | (first interval), (B.11)
=y j' ¢! (second interval). (B.12)
One then integrates over both ¢ and y under the con-
straints

P2 —w e =0, $'—wy,e2=0. (B.13)
The corresponding action reads
S= I P, (& + ;7)) +p,, (F—w; &2)
o /J.: P, (" + oy );l)‘*'l’-,-, ¢! —wy &)
— w,,(f 82) </_[2 ph) : (B.14)

The path integration is to be carried over &, &2, y!, y?
and their conjugate momenta p,, p, , p,,, P;,- 1he
integration over the p,’s brings in an J-functional of
the constraint (B.13), whereas that over ¢!, &2, Pe,» e,
yields the determinant of the operator M treated as a
bilinear form. The boundary conditions on the vari-
ous fields are

Y (y,)=¢"(4,)=0

(path fixed at both end points) (B.15)
7 (4)=0, y'(1)=0

(from (B.6) and (B.7)), (B.16)
p,,(A=p; (A=

(no surface terms in variation of S). (B.17)

One may treat both intervals separately keeping
¢°(/) fixed and then fold the partial amplitudes to-
gether by integrating their product over &°(%). Except
for the last term that couples both intervals in a non-
local fashion the action in each interval is in hamilto-
nian form with

Hl =a)l(pez }’z_p;-z 82),
Hy=wy(p,, )’I—Pﬁ e')

(B.18)
(B.19)

which are nothing but rotation generators in the
(€%, 7?) and (&', y*) planes respectively.
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The non-local term can be included in the path
integral over the first interval by rewriting it in the
form

(—wn ) Pe,> P (A=-Py*(4), (B.20)
whose contribution just adds a phase in the integral
over y? at the joining point and replaces the condition
p,2(£)=0by p,2(7)=P. Thus the path interval over the
first interval yields

(Ale~i¢H 2,5 (B.21)
with ¢ given by (B.8), and

|4>=|e*=y%=0), (B.22)

(Zl=¢e2=e* (D, p,,=PI. (B.23)

But the state (B.22) is rotation invariant. Hence (B.21)
reads imply

(A4 >=05(e*(2),

and we see that P drops out.
The path integral over the second interval yields

(B.24)

Ay |e™iE2=0V Hu| T (B.25)

with 0 given by (B.9). The states in (B.25) are
[K2] = <&' =0, p,, =0, (B.26)
|2 =e' =g (2), ' =0). (B.27)

Acting on | 1) the rotation transforms it into |&' =
sin@ ¢! (1), y! =cos @ ¢! (7)), which yields for (B.25),

<e'=0, p,,=0|¢' =sin6 &' (1), cos O &' (1))
=5(sinf &' ())=(sinf) "' 6(e* (7). (B.28)
The inverse of the Faddeev—Popov determinant is
obtained by multiplying together the partial contribu-

tions (B.7), (B.24) and (B.28) and integrating over &' (1)
and &2 (). This yields for the volume element

det M du, duy=a? sin*6 d6 d¢, (B.29)

which is the desired result.
Note that the arbitrary parameter values 4, 4, 4,
have indeed dropped out.

Appendix C. Reconstruction of the Metric
from the Curvature

Suppose that one is in a particular gauge. The path
leading from the reference point to a generic point will
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then be specified by constants of integration x?, ..., x?

of the gauge conditions, where d is the space-time
dimension. These x’s may be thought of as the coordi-
nates of the endpoint in that particular gauge. If we
change x* to x”+dx“ there will be a unique deforma-
tion that connects the path ending at x* with the de-
formed path ending at x* +dx® Let & (1) be that defor-
mation. The distance between x* and x“+ dx“ is then

ds? =¢(1,) & (4,). (C.1)

Thus, reconstructing the space-time metric amounts
to solve for ¢” in terms of du® in the path-deformation
equation (2.1). In this appendix we illustrate the proce-
dure for the two simple examples of gauge fixing dis-
cussed in the main text.

C.1. Riemann Normal Coordinates
For Riemann normal coordinates one has
. def 4 .
Sut(A)= b |:/_fl Rj U s”:l ub,
with du?/dA=0.
Eq. (C.2) may be solved for ¢* as a power series in

(C.2)

x=u’(A,) (A —4y).

Thus, to zeroth order one has

e (4,)=dx*, (C3)
and to the next order
£%(4,)=dx*— R, (0) x* x° dx?. (C4)

So that

6% (42) £4(A2)=(Mag—2 Rypeq X" x°) dx* dx?, (C.5)
and therefore

Gaa="Naa— 2 Rapca(0) X" X+ 0 (x). (C.6)

Thus we have obtained the standard expression for
the metric tensor in Riemann normal coordinates.
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C.2. Spherical Coordinates

Consider the 2-sphere in the spherical gauge al-
ready discussed in appendix B. Using the same nota-
tions as in that appendix we have that the deformation
& (4), which connects the path (u;, u;) with the path
(uy+ duy, uy+duy) obeys the equations:

Interval I:
du;=¢', (C.7)
0=8+w? j & (C.8)
Interval II: . _
0=é1+wﬁ:[£1—w,wl,jaz, (C9)
dug=®. (C.10)

These equations are to be solved by demanding
¢%(4,)=0 and continuity at A= 4. The requirement of
continuity at =1 is the “classical analog” of integrat-
ing over the values of the intermediate state ¢*(1) in
the calculation of appendix B.

One finds:
Interval I:
et (A)=(A—4,) dy,, (C.11)
e2(4)=0. (C12)
Interval II:
et (A)=(A—4,) du cos [uy (A—A)/a],
e2(A)=(A—1) duy. (C.13)
Therefore at the endpoint A=4,
&' (A))=(4A—4,) duy cos [uy (4, — 4)/a)
=ad¢ sinf, (C.14)
e2(Ay)=(A,—A) duy=adf. (C.15)

So that one obtains
ds?=¢%(4,) &, (4,)=a? (d6* +sin? 6 d¢?), (C.16)

the standard metric on the 2-sphere.

[3] See, for example, M. Henneaux, and C. Teitelboim, Quan-
tization of gauge systems, Princeton University Press,
Princeton 1992.



